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The Lotka-Volterra model with a time delay in the interspecies interaction terms 
is considered. The time delay is modelled by an integral with the weight kernel a 
exp( - at). It is shown that under certain conditions imposed upon the parameters 
of the system a supercritical Hopf bifurcation takes place at a certain value a,, of “a” 
and the bifurcating closed periodic paths are orbitally asumptotically stable for 
values of “a” below a,,. 8 1988 Academic Press. Inc. 
1. INTRODUCTION 
The Lotka-Volterra model is given by the system 
fi= EN( 1 - N/K- (U/E) P), 
i'= -P(y-/IN), 
(1.1) 
where K > 0 is the carrying capacity of the prey, N is the population den- 
sity of the prey, P is the population density of the predator, E >O is the 
inherent growth rate of the prey at zero density in absence of predators, 
y > 0 is the inherent mortality of the predator in absence of the prey, c1> 0 
is the rate of predation per predator, j3 > 0, is the rate of conversion of prey 
into predator and dot means differentiation with respect o time t. 
Volterra [ 131, Cushing [ 1, 23, MacDonald [7-91, and in particular, 
Farkas [6] discuss system ( 1.1) with a time lag, by replacing N in the 
second equation by 
Q(f)= j’ Nft)G(r-T)~T, 
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where G(t) = a exp( -at), a > 0 is a weight function satisfying 
J’ 
-cc 
G(t-T)&=/~ G(s)&= 1, 
0 
Thus, the per capita growth rate of the predator depends unlike in (1.1 ), on 
past densities of the prey. Farkas [6, Theorem l] showed that under 
certain conditions imposed upon the parameters a supercritical Hopf bifur- 
cation takes place at a certain value a, = BK- y - sy/BK of “a” and the 
bifurcating closed paths are orbitally asymptotically stable for values of “a” 
below a,. But this theorem is difficult to apply because of the length of the 
formulae involved and for this reason Farkas gave a less sharp theorem 
[Theorem 21 which provides considerably simpler sufficient, but not 
necessary, conditions for the stability of the bifurcating closed periodic 
orbits. 
We discuss this same problem with ZV, in the second equation and in the 
brackets of the first equation, replaced by Q(t). We obtain a sharp and 
particularly simple result, namely that under the one very simple condition 
a, = PK- y > 0 a supercritical Hopf bifurcation takes place at the value a, 
of “a” and the bifurcating closed periodic paths are orbitally asymptotically 
stable for values of “a” below a,. 
In Section 2 we shall first discuss the equilibrium points and their 
stability. In Section 3, we show that the conditions of the Hopf bifurcation 
theorem are satisfied at a,. In Section 4, the problem of the stability of the 
bifurcating periodic solutions will be reduced to two dimensions applying 
the center manifold theorem [ 10, 121. In Section 5, applying the method of 
Negrini and Salvadori [I l] we show that, under the condition a0 = 
/X--y > 0 on the parameters 8, K, and y, the bifurcation is supercritical 
and the bifurcating closed paths are attractive. 
System (1.1) is replaced by the integro-differential equation 
(1.2) 
It is easy to show that system (1.2) is equivalent to the three-dimensional 
ordinary differential system 
P= -P(y-/@) 
i,=W-Qe,, 
(1.3) 
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where l/a is “the measure of the influence of the past.” Introducing the vec- 
tor (n, p, q) and the “dimensionless time” s by N = Kn, P = Kp, Q = Kq, 
t = S/E, we transform the system (1.3) into 
> 
(1.4) 
4=%(n-q), 
where the dot from now on denotes differentiation with respect to s. 
2. EQUILIBRIA 
It is clear that E,(O, 0,O) and E,( 1, 0, 1) are two equilibrium points of 
system (1.4). 
is an equilibrium point in the positive octant iff 
Ll. 
PK 
The variational matrix of system (1.4) is 
Vn, P, 4) = 
(2.1) 
Let Vi be the variational matrix for the equilibrium points Ei. 
It is easy to see that E,, is unstable, while E, is asymptotically stable iff 
y//?K > 1 and unstable iff y//?K < 1 which is (2.1). 
The opposite condition y/jlK > 1 means that the inherent prey density K 
and the rate of conversion of prey into predator /I are not large enough to 
support the predator population which, eventually, dies out. The matrix 
- YlBK 
(B/~)( 1 - 4BK) 
- al.5 1 
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has the characteristic equation, 
(2.2) 
By Routh-Hurwitz criteria E,(y/BK, (1 -y//M) c/ctK, y/BK) is asymp- 
totically stable iff (2.1) holds and 
a>PK-y. (2.3) 
Throughout this thesis (2.1) will be assumed. Thus the value 
is positive. 
a,=pB--y (2.4) 
The equilibrium point E, loses its stability at the positive value a,, and 
as “a” decreases, i.e., as the influence of the past increases. 
3. THE BIFURCATION OF THE EQUILIBRIUM INTO CLOSED ORBITS 
With the notation b = l/pK, (2.1) assumes the form 
yb< 1 (3.1) 
and (2.4) has the form 
a, = (1 - yb)/b. (3.2) 
At the value a = a, the characteristic equation (2.2) takes the form 
= AZ+;(l-yb) [A+(l-yb)/&b]=O. 1 
The eigenvalues are 
&(a,) = - (1 - yb)/sb 
which is negative, and I,, z(a,) = &- iw, where 
w = [y/8( 1 - yb)] 1’2. (3.3) 
STABLE OSCILLATIONS 195 
Let us denote by ,?.,(a) the root of (2.2) that assumes the value iw at 
a=~,. It is easy to see that 
&(a,) = 
ywb2( - w + iyb) 
2( 1 - yb)( w2 + y2b2) 
and 
d Re n,(a) = Re d&(a) - yb2w2 
da da ,=,,=2(1 -yb)(w2+y2b2) 
< 0. 
u = q 
The facts established about the behavior of the eigenvalues mean that the 
conditions of the Hopf bifurcation theorem hold (apart, for the time being, 
from the conditions-of stability 
bifurcation parameter 
,2-L 
U UO' 
is introduced in system (1.4) 
asymptotically stable for negative 
Obviously, 
of the bifurcating closed orbits). If the 
U(P) = a,/1 + UOP (3.4) 
we see that the equilibrium E2 is 
values of p and loses its stability at p = 0. 
dRe &(a(~))l . 
dP 
w2y( 1 - yb) > o 
l/l=0 =2(w2+y2b2) ’ 
In what follows, we are going to establish that under the very simple 
condition (2.1), the equilibrium point E, is a 3-attractor [ 1 l] (or a “vague 
attractor” in the terminology of [lo]), thus, the bifurcation is supercritical 
and the bifurcating closed orbits are orbitally asymptotically stable. This 
means that system (1.4) has attractive periodic solutions for small positive 
values of p, i.e., for values of “a” which are less than a, but not too far from 
it. In other words, the stability of the stationary population densities of 
predator and prey is lost when the measure of the influence of the past (i.e., 
l/u) surpasses the value l/u, and the population densities begin to oscillate 
periodically and stably around their respective former constant values. 
According to the Hopf bifurcation theorem the period of the oscillation 
is approximately 271/w in s, and 27cf.s~ in t. 
4. REDUCTION OF THE SYSTEM TO THE CENTER MANIFOLD 
We move the origin into the equilibrium point E, by the coordinate 
transformation 
x=n-yb, Y=P-2 (l-9), z=q-yb. 
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Performing the parameter transformation (3.4) at the same time, we get the 
following system equivalent to system (1.4) 
At p = 0 (i.e., a = a,) the system has the form 
(4.1) 
(4.2) 
Now, to apply the center manifold theorem in the form given in [lo], in 
principle we have to attach the differential equation ,S = 0 to (4.1). Then, 
the center manifold will be an invariant attractive three-dimensional 
manifold in x, y, z, p-space passing through the origin of this space and 
tangent there to the three-dimensional eigenspace corresponding to the 
eigenvalues +iw and zero. (The latter comes in view of the fourth equation 
#li=O). 
In order to perform the stability analysis we have to determine this 
manifold explicitly, restrict the system of differential equations to the 
manifold, and in particular, study the nature of the origin on its p = 0 
section. Instead of doing this we are going to determine the p = 0 section 
directly and consider the restriction of the system taken at the parameter 
value p = 0, i.e., system (4.2) in this section. We shall follow the same steps 
as in [6]. 
First, system (4.2) will be transformed into an appropriate form 
introducing a coordinate system based on the eigenvectors of the coefficient 
matrix of the linearized system (i.e., the eigenvectors of the variational 
matrix V,). 
The eigenvectors corresponding to the eigenvalues &(a,), i = 0, 1, 2, are 
S,=col [o.$, -11, 
S,,,=COl [l;O; l]*icol yb -;-$;O , 
W 1 
STABLE OSCILLATIONS 197 
respectively. Introducing So and the real and the imaginary parts of Si as a 
new base we perform the coordinate transformation 
COlCX, y zl = TcolCx,, x2, x,1, 
where T is the matrix 1 rb 0 
W 
T= / 0 -~/w/cry E/lb/u 1 . 
1 0 -1 
In the new coordinate system (4.2) has the form 
YW i,=wx,+wu~(x,,x,)+- Ew* ~2(x,, x2, x3) 
i*= -wx,+y Ul(X,, x2,-$ U,(x,, x2,x3) 
W2 
i3= --xx,+ WU,(x,,x,)+~~U,(x,,x,,x,), 
yb 
(4.3) 
where W = w’/( w2 + y2b2), 
U,(x,,x,)= -x:+x:+(w;;;b2)x,x,. 
and 
U,(x,,x,,x,)= -wx,x,+wx,x,+ybx,x,-ybx:. 
In order to restrict system (4.3) to the p =0 section A4 of the center 
manifold the new coordinates, yi = xi, y, = x2, y, =x3 - h(x,, x2) are to be 
introduced. In this coordinate system the equation of A4 is y, = 0, i.e., A4 is 
the “y, , y,-plane.” By this coordinate transformation system (4.3) becomes 
YbW j2= -WY, +- 
W 
j3 = . . . . 
Restricting the system to A4 we have to write y, = 0 everywhere and take 
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into account that Q3 = 0. Thus, omitting the last insignificant equation and 
writing in the expressions for Uj, we get the two-dimensional systems: 
(w’ -Y2b2).* y2 
ybw 1 
+yw ~C-w~IY2+w~2h(y,,YZ)+yhylh(yly2)1+O(IY14), 
ybW 
(4.4) 
jz= -WY, +- 
W 
5. THE STABILITY OF THE BIFURCATING CLOSED ORBITS 
The two-dimensional system (4.4) is the restriction of system (4.3) to the 
p = 0 section of the center manifold. The bifurcation is supercritical, i.e., 
closed orbits occur for small positive values of 1( and the bifurcating closed 
orbits are attractive if the origin of the y,, y, plane is a 3-attractor (a vague 
attractor) of system (4.4). To establish the conditions under which this is 
true we are going to apply the method of Negrini and Salvadori [l 11. 
According to the method quoted a Lyapunov function is assumed in the 
form 
where A and B are homogeneous polynomials of order three and order 
four, respectively, 
The coefficients ai and bi are to be determined in such a way that the 
derivative of V with respect to system (4.4) is 
&4.5j(y1,~2) = G(Y:+Y:)~ + WI Y Is)- (5.1) 
This G is uniquely determined, and if it turns out to be negative the origin 
of the y,, y,-plane is a 3-attractor of system (4.4). 
It is easy to see that 
G=- 
by3(1 +cb) W 
2w2e2(w2 + 4y2b2) 
< 0. 
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Summing up the results we have the following theorem: 
THEOREM. If a, = /?K - y is positive, then system (1.3) has an equilibrium 
point E2(y/j3, (&/a)(1 - y//?K), y/j?) in the positive octant, which is 
asymptotically stable for each a > aO, and there exists a 6 > 0 such that for 
each a E (a, - 6, ao) system (1.3) has a unique attractive closed orbit which is 
not a point in a certain neighborhood of the equilibrium point E,. The period 
of this bifurcating periodic solution is approximately, 
27c[~y( 1 - y/bK)] -I”. 
Proof. The theorem is an immediate consequence of Theorem 4.3 in 
[ 111 and the Hopf bifurcation theorem. 
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